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Abstract
This Letter complements a new lattice formulation of SU(2) Yang–Mills theory written in terms of new variables in a compact form proposed
in the previous paper. The new variables used in the formulation were once called the Cho–Faddeev–Niemi or Cho–Faddeev–Niemi–Shabanov
decomposition. Our formulation enables us to explain the infrared “Abelian” dominance, in addition to magnetic monopole dominance shown
in the previous paper, in the gauge invariant way without relying on the specific gauge fixing called the maximal Abelian gauge used in the
conventional investigations. In this Letter, especially, we demonstrate by numerical simulations that gluon degrees of freedom other than the
“Abelian” part acquire the mass to be decoupled in the low-energy region leading to the infrared Abelian dominance.
© 2007 Elsevier B.V.
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The dual superconductivity in Yang–Mills vacuum [1] is
believed to be a promising mechanism [2] for quark confine-
ment. For this picture to be valid, it is supposed that one can
extract the relevant Abelian component responsible for dual-
ity from non-Abelian gauge theory, i.e., Yang–Mills theory,
since the duality is understood as the electric–magnetic dual in
the Abelian gauge theory represented by the Maxwell theory.
Therefore, it is important to give a prescription to extract a vari-
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Open access under CC BY license.able playing the role of such an Abelian part from the original
non-Abelian gauge theory in some sense. However, such a vari-
able is not necessarily the Abelian gauge field in its appearance.
To emphasize this situation, we use double quotation marks as
“Abelian”.
In the previous paper [3], we have proposed a formulation of
Yang–Mills theory on a lattice in a compact form (say, compact
lattice formulation). The compact lattice formulation was con-
structed so that it reduces in the (naive) continuum limit to the
formulation of Yang–Mills theory written in terms of new vari-
ables obtained through non-linear change of variables (NLCV)
from the original gauge field [4]. The NLCV generates the new
variables which have the same form as the Cho–Faddeev–Niemi
(CFN) or Cho–Faddeev–Niemi–Shabanov (CFNS) decomposi-
tion [5–7].
Prior to the compact lattice formulation, we have already
given another lattice formulation in a non-compact form (re-
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The non-compact lattice formulation enabled one to define
the magnetic monopole in the gauge invariant way in Yang–
Mills theory on a lattice without introducing fundamental scalar
fields. This is a remarkable result, since the conventional ap-
proach of defining the magnetic monopole in Yang–Mills the-
ory without fundamental scalar fields heavily relies on a spe-
cific choice of gauge fixing, the so-called the maximal Abelian
gauge (MAG) [9], which breaks the color symmetry explicitly
in addition to the local gauge symmetry. The gauge-invariant
magnetic monopole in pure Yang–Mills theory has been con-
structed by introducing the unit vector field based on NLCV
which plays the role of recovering color symmetry broken by a
specific choice of color direction according to a Cartan decom-
position in MAG. However, the magnetic charge resulting from
the magnetic monopole defined in this way is not integer-valued
in the non-compact formulation.
This drawback was remedied by the subsequent compact
formulation [3] which guarantees that the magnetic charge
is integer-valued and obeys the Dirac quantization condition.
Moreover, the infrared “Abelian” dominance and magnetic
monopole dominance in the string tension were demonstrated
by numerical simulations in the compact formulation, although
such phenomena were found for the first time in the MAG [10–
13]. These results strongly support the dual superconductor
picture of QCD vacuum as a promising mechanism of quark
confinement. However, what is the mechanism for the infrared
“Abelian” dominance or magnetic monopole dominance is an
unanswered question in this investigation. From a theoretical
point of view [14], on the other hand, it was clarified which vari-
ables should be identified with the “Abelian” part Vμ which is
responsible for quark confinement within the continuum formu-
lation [4] so that the variable Vμ gives the dominant contribu-
tion to the string tension to be calculated from the Wilson loop
average (infrared “Abelian” dominance). This means that the
remaining variable Xμ = Aμ −Vμ decouples in the low-energy
or long-distance region to become irrelevant for the string ten-
sion, once such an identification of the “Abelian” part Vμ is
achieved.
Our continuum formulation of Yang–Mills theory allows one
to introduce the mass term 12M
2
XX
2
μ for the remaining field
Xμ without breaking the local gauge invariance. Therefore, the
dynamical mass generation for Xμ is not prohibited in this
formulation. If such gluon mass for Xμ is generated, it could
be a mechanism for infrared “Abelian” dominance as pointed
out in [14]. The dynamical generation of the gluon mass for
Xμ yields the decoupling of these degrees of freedom in the
low-energy region leaving the “Abelian” part Vμ as the low-
energy modes relevant to quark confinement. To confirm this
scenario for dynamical Abelian projection is a main motivation
of this Letter. For MAG, mass generation was so far reported
for the off-diagonal gluon component [15]. In this Letter, we
have measured the mass for the gluon Xμ directly by numerical
simulations based on our lattice formulation [3]. In this Letter,
moreover, we discuss in detail how to define the lattice variable
corresponding especially to the remaining part Xμ in the com-
pact lattice formulation to obtain the continuum counterparts tothe errors of lattice spacing . Preliminary results have already
been reported in [16]. Finally, it is worth mentioning that the
gauge invariance of the Abelian confinement mechanism was
also discussed recently in many publications by other group,
e.g., [17].
2. Compact formulation
In order to consider a compact lattice version for the new
formulation of Yang–Mills theory, we recall the continuum for-
mulation presented in [4]. In the continuum formulation [4,5],
we have introduced a color vector field n(x) = (nA(x)) (A =
1,2,3) of a unit length, i.e., n(x) · n(x) := nA(x)nA(x) = 1.
In what follows, we use the arrow to denote the vector and use
the boldface letter to express the Lie-algebra su(2)-valued field,
e.g., n(x) := nA(x)TA with generators of su(2), TA = 12σA
where σA (A = 1,2,3) are Pauli matrices. The su(2)-valued
gluon field (gauge potential) Aμ(x) is decomposed into two
parts:
(1)Aμ(x) = Vμ(x) + Xμ(x),
in such a way that the color vector field n(x) is covariantly con-
stant in the background field Vμ(x):
(2)0 = Dμ[V]n(x) := ∂μn(x) − ig
[
Vμ(x),n(x)
]
,
and that the remaining field Xμ(x) is perpendicular to n(x):
(3)0 = n(x) · Xμ(x) ≡ 2 tr
(
n(x)Xμ(x)
)
.
Here we have introduced the gauge coupling g and we have
adopted the normalization for generators: tr(TATB) = 12δAB .
Note that nA(x), VAμ(x), XAμ(x) and AAμ(x) are real-valued
fields and their Lie-algebra forms are Hermitian due to Her-
miticity of the generators T A.
By solving the defining equation (2), the Vμ(x) field is ob-
tained in the form:
Vμ(x) = V‖μ(x) + V⊥μ(x)
(4)= cμ(x)n(x) − ig−1
[
∂μn(x),n(x)
]
,
where the second term V⊥μ(x) := −ig−1[∂μn(x),n(x)] =
g−1(∂μn(x) × n(x))ATA is perpendicular to n(x), i.e., n(x) ·
V ⊥μ (x) ≡ 2 tr(n(x)V⊥μ(x)) = 0. Here it should be remarked that
the parallel part V‖μ(x) = cμ(x)n(x), cμ(x) = tr(n(x)Aμ(x))
proportional to n(x) cannot be determined uniquely from the
defining equation (2). Imposing the perpendicular condition (3)
determines V‖μ(x) and the remaining part Xμ(x) as
(5)Xμ(x) = −ig−1
[
n(x),Dμ[A]n(x)
]
.
It is easy to check that the sum of Vμ(x) and Xμ(x) specified
respectively by (4) and (5) agrees with the original field Aμ(x)
according to (1).
On a lattice, on the other hand, we introduce the site vari-
able nx constructed according to [8], in addition to the original
link variable Ux,μ. Note that we define a color vector field
nx := nAx σA on the lattice corresponding to the continuum nota-
tion n(x) := nA(x)TA. In this Letter, we define the link variable
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Aμ(x) along a link from x to x + μ:
(6)Ux,μ = P exp
(
−ig
x+μ∫
x
dxμ Aμ(x)
)
,
where  denotes the lattice spacing and P denotes the path or-
dering. In the explicit estimation of the naive continuum limit,
we adopt in this Letter the mid-point definition for the link vari-
able:
(7)Ux,μ = exp
(−igAμ(x′)),
using the midpoint x′ := (x + μ/2,μ) of the link (x, x + μ)
running from x to x + μ. This prescription is adopted to
suppress as much as possible lattice artifacts coming from a
finite (nonzero) lattice spacing, in contrast to our previous pa-
per [3] where we have adopted the very naive definition: Ux,μ =
exp(−igAμ(x)).
The link variable Ux,μ and the site variable nx transform
under the gauge transformation II [4] as
Ux,μ → ΩxUx,μΩ†x+μ = U ′x,μ,
(8)nx → ΩxnxΩ†x = n′x.
Note that nx is Hermitian, n†x = nx , and Ux,μ is unitary, U†x,μ =
U−1x,μ. It should be remarked that this transformation property
follows from the most general form (6) for the link variable
Ux,μ, irrespective of the prescription for the discrete lattice ap-
proximation.
The lattice variables Vx,μ and Xx,μ corresponding to Vμ(x)
and Xμ(x) should be expressed in terms of the site variable
nx and the original link variable Ux,μ, just as the continuum
variables Vμ(x) and Xμ(x) are expressed in terms of n(x) and
Aμ(x), However, the definition of lattice variables Vx,μ and
Xx,μ is not unique. They must be defined in a consistent way
with the defining equation on a lattice respecting the transfor-
mation property. We achieve this by solving a lattice version [3]
of (2) and (3):
(9)nxVx,μ − Vx,μnx+μ = 0,
(10)tr(nxXx,μ) = 0.
The defining equation must be invariant under the gauge
transformation, namely, they are form-invariant: n′xV ′x,μ −
V ′x,μn′x+μ = 0, and tr(n′xX′x,μ) = 0. We identify the lattice vari-
able Vx,μ with a link variable which transforms in the same way
as the original link variable Ux,μ:
(11)Vx,μ → ΩxVx,μΩ†x+μ = V ′x,μ.
This requirement guarantees that the defining equation (9) is
gauge invariant. On the other hand, we define the lattice vari-
able Xx,μ so that it transforms in just the same way as the site
variable nx :
(12)Xx,μ → ΩxXx,μΩ†x = X′x,μ,
to realize the adjoint color rotation at the site suggested from
the transformation property of the continuum variable. By thischoice, indeed, the orthogonality condition (10) is kept gauge
invariant.
Explicit construction of the new lattice variables are as fol-
lows. We define Vx,μ as a link variable which is a group el-
ement of G = SU(2) related to the su(2)-valued background
field Vμ(x) through
(13)Vx,μ = P exp
(
−ig
x+μ∫
x
dxμ Vμ(x)
)
.
In the mid-point definition the link variable Vx,μ reads
(14)Vx,μ = exp
(−igVμ(x′)),
where Vμ(x′) is to be identified with the continuum variable
Vμ(x) defined by (4) in the continuum limit. Hence Vx,μ must
be unitary V †x,μ = V −1x,μ. The same remark as the link variable
Ux,μ for the naive continuum limit holds also for the link vari-
able Vx,μ. In the previous paper [3], the lattice version (9) of
the defining equation (2) has been solved and the resulting link
variable Vx,μ is of the form (up to the normalization) [18]:
(15)V˜x,μ = V˜x,μ[U,n] = Ux,μ + nxUx,μnx+μ,
and the unitary link variable Vx,μ[U,n] has been obtained after
the normalization:
(16)Vx,μ = Vx,μ[U,n] := V˜x,μ/
√
tr
[
V˜
†
x,μV˜x,μ
]
/2.
Indeed, the naive continuum limit  → 0 of the link variable
(16) reduces to the continuum expression (4).
A naive choice for the lattice variable Xx,μ is given by
Ux,μV
†
x,μ or V
†
x−μ,μUx−μ,μ. These are suggested from the re-
lation Xμ(x) = Aμ(x) − Vμ(x) = −Vμ(x) + Aμ(x). In fact,
they satisfy the desired transformation property (12). Note that
V
†
x,μUx,μ or Ux−μ,μV †x−μ,μ is excluded, since it obeys the ad-
joint rotation at x +μ or x −μ, not at x. Then we can construct
a lattice variable Xx,μ as the linear combination:
(17)X˜x,μ = αUx,μV †x,μ + βV †x−μ,μUx−μ,μ,
to satisfy the desired transformation property (12). Now we can
see that it is reasonable to adopt (10) as a lattice version of
the orthogonality equation (3). In fact, tr(nxXμ(x)) = 0 implies
(see Appendix A for the derivation of (18))
tr(nxX˜x,μ) = (α + β) tr
(
nx
{
1 − igXμ(x)
})+ (α − β)O(2)
= −ig(α + β) tr(nxXμ(x))+ (α − β)O(2)
(18)= 0 + (α − β)O(2).
In this way, the lattice variables Xx,μ is expressed in terms of
the site variable nx and the original link variable Ux,μ as
X˜x,μ = X˜x,μ[U,n] = (α + β)1 + αUx,μnx+μU†x,μnx
(19)+ βnxU†x−μ,μnx−μUx−μ,μ.
In particular, a good choice is obtained for the symmetric case,
i.e., α = β , since this choice enables us to define the lattice
variable Xx,μ so as to reproduce the naive continuum limit of
the orthogonality equation up to O(3).
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ter the normalization:
(20)Xx,μ[U,n] := X˜x,μ
/√
tr
[
X˜
†
x,μX˜x,μ
]/
2.
In the numerical simulations, we have adopted the choice α =
β by the reason mentioned above. Moreover, there are some
arbitrariness for extracting the Lie-algebra valued variable Xμ
from the compact lattice variable Xx,μ[U,n]. This issue will be
examined by comparing the results of numerical simulations.
3. Abelian dominance and gluon mass generation
3.1. Identifying the Abelian part and mass term for the
remaining part
The Vμ field can be regarded as the “Abelian” part in the
reformulated Yang–Mills theory by the following reasons.
(i) The “Abelian” part VAμ corresponds to the diagonal part
of the gauge potential AAμ in the context of the conventional
MAG which is reproduced when the color vector is aligned in
the same direction over the whole space–time, for example,
(21)n(x) → n0 := (0,0,1).
(ii) The Wilson loop average W(C) in Yang–Mills theory
written in terms of AAμ is rewritten into the reduced Wilson loop
average W˜ (C) which is entirely rewritten in terms of VAμ in the
reformulated Yang–Mills theory, as demonstrated in [14].
(iii) The mass term for XAμ can be introduced without break-
ing gauge invariance in this reformulation [4]. In fact, it has
been shown to one-loop order [14] that such an effective mass
term is generated due to the gauge-invariant dimension two con-
densate 〈XAμXAμ〉 thanks to the gauge invariant self-interaction
term 14g
2(ABCXBμXCν )2 among Xμ gluons, in sharp contrast to
the ordinary self-interaction term 14g
2(ABCABμACν )2 which is
not gauge-invariant.
Therefore, in the energy region lower than the mass MX of
the field Xμ, the remaining components Xμ should decouple
or negligible and the Vμ field could be dominant. This leads
to the infrared Abelian dominance (in the string tension) in our
reformulation.
Keeping these facts in mind, we proceed to obtain a fitting
function of the two-point correlation function. Suppose that the
Yang–Mills theory has the effective mass term:
(22)1
2
M2XX
A
μX
A
μ.
An additional quadratic term in Xμ of the following type could
be generated from gauge fixing conditions in the differential
form [4].
(23)− 1
2β
(
∂μXAμ
)2
.
This can be understood as follows. Recall that we impose an
constraint called the new Maximal Abelian gauge (nMAG)to obtain the reformulated Yang–Mills theory with the orig-
inal gauge symmetry SU(2) even after introducing the color
field n(x) which apparently increases gauge degrees of free-
dom [4]. Then we introduce a gauge-fixing parameter α for
nMAG of the form: − 12α ((Dμ[V]Xμ)A)2. This term does not
fix the SU(2) gauge invariance. Therefore, we adopt the Lan-
dau gauge for the overall gauge fixing of AAμ whose differ-
ential form is ∂μAAμ = 0. This gives an additional quadratic
term: − 12α′ (∂μXAμ)2 coming from the GF term: − 12α′ (∂μAAμ)2.
Therefore, combining two terms yields an additional term
quadratic in XAμ : − 12β (∂μXAμ)2 with β−1 = α−1 + α′−1. Thus
we assume the effective propagator for X gluon of the form:
(24)DXXμν (k) =
−1
k2 − M2X
[
δμν − (1 − β) kμkν
k2 − βM2X
]
.
In particular, the limit β → ∞ reproduces the Proca case:
(25)DXXμν∞(k) =
−1
k2 − M2X
[
δμν − kμkν
M2X
]
.
This form was adopted in the study of off-diagonal gluon mass
generation in MAG [15] where the mass term 12M2offAaμAaμ was
introduced by hand without preserving the gauge invariance.
Note that both nMAG and Landau gauge conditions are exactly
satisfied only at α = 0 and α′ = 0. This is realized at β = 0
limit:
DXXμν0(k) =
−1
k2 − M2X
[
δμν − kμkν
k2
]
,
(26)DXXμμ0(k) =
−(D − 1)
k2 − M2X
= DXXμμ∞(k) −
1
M2X
.
Therefore, the β = 0 limit differs from the previous Proca case
used in MAG. However, it will turn out below that the constant
shift of the propagator gives the same decay rate and hence the
same mass MX of Xμ gluon.
3.2. Numerical simulations
We have generated configurations of link variables {Ux,μ}
based on the standard heat bath method for the standard Wilson
action. The numerical simulation are performed at β = 2.3, 2.4
on 244 lattice, at β = 2.3, 2.4, 2.5 on 324 lattice, at β = 2.4,
2.5, 2.6 on 364 lattice, and at β = 2.4,2.5,2.6 on 484 lattice by
thermalizing 15 000 sweeps. Here 200 configurations are stored
every 300 sweeps. Other settings of numerical simulations are
the same as those in the previous paper [3].
We are now ready to study characteristic features of the
reformulated Yang–Mills theory written in terms of new vari-
ables nA(x), cμ(x),XAμ(x) defined through NLCV of the origi-
nal field variable AAμ(x): infrared Abelian dominance, magnetic
monopole dominance and non-vanishing gluon mass. Among
them, the magnetic monopole dominance in the string tension
has already been confirmed in the previous paper [3] using
the gauge-invariant magnetic monopole which is guaranteed to
have integer-valued magnetic charge subject to the Dirac quan-
tization condition according to our construction of magnetic
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that we can confirm such characteristic features for any choice
of gauge fixing, not restricted to MAG, since our formulation
allows us to take arbitrary type of gauge fixing for the original
variable AAμ(x).
To study the infrared Abelian dominance and the gluon mass
generation in the reformulated Yang–Mills theory, we first de-
fine the two-point correlation functions (full propagators) for
the independent variables in the new formulation on a lattice,
i.e., nAx , cx,μ and XAx,μ, in addition to the original variable AAx,μ.
For simplicity, we examine just the contracted scalar-type prop-
agator simplified by avoiding the complicated tensor structure:
Dnn(x − y) =
〈
nAx n
A
y
〉
,
Dcc(x − y) = 〈cx′,μ cy′,μ〉,
DXX(x − y) =
〈
X
A
x,μ X
A
y,μ
〉
,
(27)DX′X′(x − y) =
〈
X
A
x′,μ X
A
y′,μ
〉
,
and
(28)DAA(x − y) =
〈
A
A
x′,μ A
A
y′,μ
〉
.
Here the Lie-algebra valued gauge potential Ax′,μ or Vx′,μ is
defined from the respective link variable by
Ax′,μ := (i/2gε)
[
Ux,μ − U†x,μ
]
,
(29)Vx′,μ := (i/2gε)
[
Vx,μ − V †x,μ
]
.
For the variable Xx,μ, on the other hand, we examined two op-
tions: one is extracted from decomposing the gauge potential
(group-valued):
(30)Xx,μ := (i/2gε)
[
Xx,μ − X†x,μ
]
,
and the other is from the definition of the decomposition (Lie-
algebra-valued):
(31)Xx′,μ := Ax′,μ − Vx′,μ.
The field cx′,μ is defined by
(32)cx′,μ := tr(nxVx,μ) = tr(Vx,μnx+μ).
The numerical results are presented in Fig. 1. As is quickly
observed from the left panel of Fig. 1, DVV (x − y) and
DAA(x − y) exhibit quite similar behaviors in the measured
range of the Euclidean distance r = |x − y| := √(x − y)2. In
order to determine the physical scale, we have used the relation-
ship between the (inverse) gauge coupling β and lattice spacing
 given in [19] 2 which is summarized in Table 1.
From the right panel of Fig. 1, DVV (x − y) (Dnn(x − y)
or Dcc(x − y)) is dominant compared to DXX(x − y) which
decreases more rapidly than other correlation functions in r .
1 The proposed NLCV enables one to extract the “Abelian part” VAx,μ irre-
spective of the choice of the gauge fixing preserving the color symmetry. The
Yang–Mills theory in the conventional MAG is reproduced as a very special
limit (21) of our reformulated Yang–Mills theory based on NLCV.
2 We use the relationship between the physical units, 1 GeV−1 =
0.197327 fm or 1 GeV = 5.06773 fm−1. This comes from h¯c =
0.197327 GeV fm.This implies the infrared “Abelian” dominance, provided that
the components VAμ(x) composed of nAx and cx,μ are identi-
fied with the “Abelian” part of AAμ(x). As is seen from the
left panel of Fig. 1, a non-trivial mixed correlation function
〈VAμ(x′)XAμ(y′)〉 < 0 exists, since VAμ(x) includes a perpendic-
ular component to nA(x).
Fig. 1 demonstrates nice independence of our results against
variations of the ultraviolet cutoff (the lattice spacing ). The
propagators calculated at the lattices with different  follow the
same curve if plotted in the physical units. These accurate plots
provide an additional support that the results presented in this
Letter are definitely not lattice artifacts.
Note that we must impose the gauge fixing condition for the
original variable Ax′,μ to obtain the correlation function. In our
simulations, we have chosen the lattice Landau gauge (LLG)
for the original field AAμ(x) for this purpose. Thus we have con-
firmed the infrared “Abelian” dominance with color symmetry
being kept, since the Landau gauge keeps the color symmetry.
This is one of our main results. The infrared Abelian dominance
was so far obtained only for the MAG which breaks the color
symmetry explicitly. As already mentioned, moreover, we can
choose any other gauge and we can study using this formula-
tion if the infrared “Abelian” dominance can be observed in
any other gauge. We hope we can report the results in the other
gauge in future investigations.
Next, we determine the gluon mass generated in the non-
perturbative way by examining the correlation functions in
more detail. The gauge boson propagator DXXμν (x−y) is related
to the Fourier transform of the massive propagator DXXμν (k):
(33)DXXμν (r) =
〈
X
A
μ(x)X
A
ν (y)
〉= ∫ d4k
(2π)4
eik(x−y)DXXμν (k).
Then the scalar-type propagator DXX(r) := DXXμμ (x) as a func-
tion of r should behave for large MXr as (see [15] for details of
the integral calculation.)
DXX(r) =
〈
X
A
μ(x)X
A
μ(y)
〉= ∫ d4k
(2π)4
eik(x−y) 3
k2 + M2X
(34) 3
√
MX
2(2π)3/2
e−MXr
r3/2
.
Therefore, the scaled propagator r3/2DXX(r) should be propor-
tional to exp(−MXr) for MXr  1 with M being the damping
rate of r3/2DXX(r). In other words, the mass MX of the gauge
field Xμ can be estimated from the slope in the logarithmic plot
of the scaled propagator r3/2DXX(r) as a function of r .3
Fig. 2 shows the logarithmic plots of the scaled scalar-type
propagator for Ax′,μ, cx′,μ and Xx,μ as a function of the dis-
tance r measured in the physical unit [fm] and in unit of square
root of the string tension √σphys = 440 MeV. According to
Fig. 2, we find just small difference between two types of
DXX(x − y) defined by (30) or (31) over several choices of
lattice spacing (i.e., several values of β , β = 2.3,2.4,2.5,2.6).
3 Here we have assumed that the anomalous dimension is sufficiently small
so that the exponent of the power of r is the same as the tree value.
106 A. Shibata et al. / Physics Letters B 653 (2007) 101–108Fig. 1. Logarithmic plots of scalar-type two-point correlation functions DOO′ (r) := 〈O(x)O′(y)〉 as a function of the Euclidean distance r :=
√
(x − y)2
for O and O′. (Left panel) O(x)O′(y) = VAμ(x)VAμ(y), AAμ(x)AAμ(y), −VAμ(x)XAμ(y), XAμ(x)XAμ(y). (Right panel) O(x)O′(y) = nA(x)nA(y), cμ(x)cμ(y),
X
A
μ(x)X
A
μ(y), from above to below using data on the 244 lattice (β = 2.3,2.4), 324 lattice (β = 2.3,2.4), 364 lattice (β = 2.4,2.5), and 484 lattice
(β = 2.4,2.5,2.6). Here plots are given in the physical unit [fm] or in unit of square root of the string tension √σphys.Table 1
The lattice spacing  and the lattice size L of the lattice volume L4 at various
value of β in the physical unit [fm] and the unit given by √σphys
Lattice spacing  Lattice size L [fm]
β [1/√σphys] [fm] 244 324 364 484
2.3 0.35887 0.1609 3.8626 5.1501 5.7939 7.7252
2.4 0.26784 0.1201 2.8828 3.8438 4.3242 5.7657
2.5 0.18551 0.08320 1.9967 2.6622 2.9950 3.9934
2.6 0.13455 0.06034 1.4482 1.9309 2.1723 2.8964
Therefore, we can use either definition of the lattice variable
Xx′,μ to obtain DX′X′(x − y) in the consistent manner.
In Fig. 3, the measured values for the gluon mass are plotted
as the function of the inverse lattice volume 1/V in the phys-
ical unit, to study the finite-size effect on the mass. The finite
lattice-size effect seems to be small for the gluon mass MX .
Here the error bars originate from the fitting procedure for ob-
taining the slope, but no systematic errors such as finite-volume
are included. In this way, we have estimated the mass for the
Xμ(x) gluon:
MX  2.98√σphys  1.31 GeV,
(35)MX′  2.69√σphys  1.19 GeV.
Even after the whole gauge fixing, our formulation pre-
serves color symmetry in sharp contrast to the conventional MA
gauge. In view of the fact that our reformulated Yang–Mills the-
ory reproduces the Yang–Mills theory in MA gauge as a special
limit, the remaining part XAμ(x) could correspond to the off-
diagonal part in this limit. From this point of view, our result
is consistent with the result obtained for the off-diagonal gluon
mass in MAG [15].
Moreover, we have simultaneously estimated the decay rate
for the new fields nA(x), cμ(x), VAμ(x) and the original gauge
field AAμ(x) by imposing the LLG as the overall gauge fixing.
For O = XAμ, cμ,AAμ,VAμ , the decay rate MO is extracted ac-Fig. 2. Logarithmic plots of the rescaled correlation function r3/2DOO(r) as a
function of r for O = VAμ,AAμ, cμ,XAμ (and X′Aμ ) from above to below, using
the same colors and symbols as those in Fig. 1. Here two sets of data for the
correlation function DXX(x − y) are plotted according to the two definitions
(30) and (31) of the XAμ field on a lattice.
cording to the fitting: 〈O(x)O(y)〉 ∼ r−3/2 exp(−MOr). Fig. 3
indicates not so small finite volume effect for data of 1/V >
0.02. Using the data of 1/V < 0.02, therefore, we have esti-
mated the decay rate (or “mass”) as
Mn  2.24√σphys  0.986 GeV,
Mc  1.94√σphys  0.856 GeV,
(36)MA  1.35√σphys  0.596 GeV.
The decay rate Mc obtained from the correlation function of
cμ(x) field is slightly larger than that expected from the result
A. Shibata et al. / Physics Letters B 653 (2007) 101–108 107Fig. 3. Gluon “mass” and decay rates (in units of GeV and √σphys ) as the function of the inverse lattice volume 1/V in the physical unit. (Left panel) for
O = XAμ, (X′Aμ ), cμ,AAμ from above to below extracted according to the fitting: 〈O(x)O(y)〉 ∼ r−3/2 exp(−MOr). (Right panel) for nA(x) extracted according to
the fitting: 〈nA(x)nA(y)〉 ∼ exp(−Mnr).in MAG. It should be remarked that the decay rate for the cor-
relation function of nA(x) field is extracted according to the
fitting function 〈nA(x)nA(y)〉 ∼ exp(−Mnr) which is not yet
justified from the theoretical consideration. This might be an
origin of the large value of Mn. More simulations on the larger
lattice are expected to eliminate finite volume effect for these
values. However, we have no argument for guaranteeing the
gauge invariance of these values or for identifying these val-
ues with their “masses”. In fact, the field cμ(x) is not gauge
invariant. These issues will be checked in further investigations
based on our reformulation.
Finally, we comment on the “Abelian” part VAμ(x), since our
treatment of the “Abelian” part VAμ(x) is different from the con-
ventional approach based on MAG. The above result yields the
“mass” of the “Abelian” part VAμ(x) : MV  MA  0.59 GeV.
This value is nearly equal to that of the diagonal gluon mass
obtained by imposing the Landau gauge in the conventional ap-
proach as reported in the second paper of [15] where the Landau
gauge was imposed on the Abelian diagonal part aμ(x) in ad-
dition to the MAG for off-diagonal gluon field Aaμ(x) defined
by the Cartan decomposition Aμ(x) = Aaμ(x)T a + aμ(x)T 3
(a = 1,2). Therefore, the prescription of gauge fixing in [15]
is different from ours.
4. Conclusion and discussion
In this Letter we have developed a compact lattice formu-
lation of SU(2) Yang–Mills theory proposed in the previous
paper [3] as the lattice version of the NLCV which was once
called the CFN or CFNS decomposition. This resolves all draw-
backs of the previous non-compact lattice formulation of ourown [8].4 This compact formulation has enabled one to de-
fine the gauge-invariant magnetic monopole with the magnetic
charge subject to Dirac quantization condition and to extract
the “Abelian” part Vμ(x) yielding the infrared “Abelian” domi-
nance in the string tension for any choice of the gauge fixing
for the original gauge field Aμ(x) in the original YM the-
ory.
In order to confirm the dynamical mass generation for the re-
maining part Xμ(x) as a mechanism for the infrared “Abelian”
dominance, we have measured the two-point correlation func-
tion (the full propagator in real space) in our lattice formulation
by imposing LLG for the original gauge field Aμ(x) as the
whole gauge fixing. We have found the infrared “Abelian” dom-
inance in the sense that the Xμ(x) propagator is suppressed
in the long distance compared to n(x) and cμ(x) (and Vμ(x))
propagators as an immediate consequence of dynamically gen-
erated mass MX = 1.2 ∼ 1.3 GeV for Xμ(x) (which is larger
than the decay rate of other gluon field propagators).
Even after the whole gauge fixing, our formulation can pre-
serve color symmetry by choosing the gauge-fixing condition
which does not break color symmetry, e.g., Landau gauge. This
opens a path to examine color confinement in the same frame-
work as quark confinement in the dual superconductivity pic-
ture. This feature is in sharp contrast to the conventional MA
gauge breaking color symmetry, although our formulation re-
produces the MA gauge as a special limit (21). It is important to
demonstrate explicitly the gauge-fixing independence of our re-
sults obtained in this Letter for establishing the gauge-invariant
mechanism for quark confinement.
4 This is done up to specifying the integration measure for the respective
new variable. It was not necessary to resolve this issue for obtaining the results
reported in this Letter.
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Appendix A. The accuracy of the naive continuum limit
For the naive continuum limit  → 0, we show that the lat-
tice variable defined by Xx,μ := αUx,μV †x,μ +βV †x−μ,μUx−μ,μ
yields Xx,μ = Xμ(x) + O(2) for α = β , while Xx,μ =
Xμ(x) + O() for α = β . The repeated use of the Baker–
Campbell–Hausdorff formula yields
Ux,μV
†
x,μ or V
†
x−μ,μUx−μ,μ
= exp(−igAx+μ/2,μ) exp(igVx+μ/2,μ) or
exp(igVx−μ/2,μ) exp(−igAx−μ/2,μ)
= exp
{
−igXx±μ/2,μ
± (g)
2
2
[Ax±μ/2,μ,Vx±μ/2,μ] +O
(
3
)}
= exp
{
−igXx,μ ∓ i g
2
2
∂μXx,μ
± (g)
2
2
[Ax±μ/2,μ,Vx±μ/2,μ] +O
(
3
)}
= exp(−igXx,μ) exp
{
∓i g
2
2
∂μXx,μ
± (g)
2
2
[Ax,μ,Vx,μ] +O
(
3
)}
= exp(−igXx,μ)
[
1 ∓ i g
2
2
∂μXx,μ
(A.1)± (g)
2
2
[Ax,μ,Vx,μ] +O
(
3
)]
,
where we have used Xx,μ := Ax,μ −Vx,μ, Vx±μ/2,μ = Vx,μ ±
/2∂μVx,μ, Xx±μ/2,μ = Xx,μ ± /2∂μXx,μ, and Ax±μ/2,μ =
Ax,μ ± /2∂μAx,μ. Thus we have
αUx,μV
†
x,μ + βV †x−μ,μUx−μ,μ
= exp(−igXx,μ)
[
(α + β)1 + (α − β)×
{
−i g
2
2
∂μXx,μ + (g)
2
2
[Ax,μ,Vx,μ]
}
+O(3)]
= (α + β) exp
[
−igXx,μ + (α − β)/(α + β)
(A.2)
×
{
−i g
2
2
∂μXx,μ + (g)
2
2
[Ax,μ,Vx,μ]
}
+O(3)].
The statement follows from the fact that the choice α = β elim-
inates order 2 terms.
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